We investigate the nucleation of universe in a (2+1)-dimensional gravity model with negative cosmological constant. There are a variety of universes born from nothing by quantum tunneling. Utilizing the powerful technique in hyperbolic geometry, we explicitly construct 3-manifolds which describe the nucleation of a higher genus universe. We calculate the wavefunction of the universe in the WKB approximation. 
Introduction
People have been fascinated by topology of the Universe either at present time or in the initial stage. By topology we mean the topology of spacelike hypersurface embedded in a space-time manifold splitting the space-time into space plus time. One can naturally ask: does the topology of the Universe have any chance to change during the evolution of the Universe? Or can it be possible that a single universe branches o into many disconnected components?
There are some works by several authors on the possibility of such topology change processes in classical gravity. Let 0 and 1 be three dimensional compact manifolds which may not be di eomorphic to each other. If there exists a four dimensional compact manifold M 4 with a time-oriented Lorentzian metric g, whose boundary is the disjoint union of 0 and 1 that are both spacelike with respect to g, then one can say that there occurs a topology change from 0 to 1 . Geroch 1] , by using cobordism theory, observed that topologically there always exists M 4 for any 0 and 1 , and showed that the necessary and su cient condition for the existence of a time-oriented Lorentzian metric is that the Euler characteristic (M 4 ) is zero. cannot exist which interpolates mutually non-di eomorphic two boundaries, 0 and 1 . Thus the spatial topology cannot change classically, provided that (1) there is no closed timelike curve and (2) space-time singularity is not admitted. The singularity necessarily appears in the topology change processes if matter satis es y In general, the selection rule is: (M n ) = 0 for even n, and ( 0 ) = ( 1 ) for odddimensional space-time 2]. the weak energy condition.
However, such topology change processes may occur in a quantum mechanical way, e.g. by quantum tunneling. Actually this is the case in the (2+1)-dimensional gravity with negative cosmological constant as we shall see. Before talking about topology change, one can ask the initial topology of the Universe. Suppose the Universe was quantum mechanically nucleated from nothing as advocated by Vilenkin, Hawking and other people 5] 6]. In Hawking's path-integral approach to quantum gravity, the wavefunction of the Universe is given by a sum over histories of the Universe taking account of all the possible space-time geometries and topologies with a xed spatial boundary. The initial condition for the wavefunction restricts possible topologies of universes, among which the most probable one may be realized for our present universe.
Gibbons and Hartle recently deduced some rather strong restrictions on the space-time topology and geometry under the`no-boundary' initial condition 7]. The space-time consists of a compact Riemannian manifold M R and a Lorentzian manifold M L joined by a spatial surface . The most important constraint on such space-time is that the spacelike hypersurface between M R and M L must be totally geodesic, i.e. all the components of extrinsic curvature are zero. If one further imposes the condition that Euclidean Ricci tensor is non-negative but not globally vanishing, the preceding constraint on leads to the consequence that must be connected. This is called the unique conception theorem. This immediately implies that the possibilities of topology change by quantum tunneling is excluded if we assume non-negative Ricci tensor. The essence of their arguments is that the surface is a boundary of the compact Riemannian manifold M R . As an explicit example, Gibbons We explore in this paper the cases of negative Ricci tensor in the context of (2+1)-dimensional gravity. We note that the argument by Gibbons and Hartle holds also for the (2+1)-dimensional space-time. Since the unique conception theorem essentially depends on the assumption of non-negative Ricci tensor, the previous restrictions on may be relaxed by considering negative Ricci tensor. And we retreat to the one dimension less world, viz. (2+1)-dimensional gravity with negative cosmological constant, which gives rise to negative Ricci tensor, for the following reasons. In three dimensions, the number of independent components of Riemann tensor is equal to that of Ricci tensor. Therefore there is no gravitationalwave modes in (2+1)-dimensional gravity so that we can concentrate only on global geometry and topology. Furthermore the same fact guarantees that any Einstein manifold M R directly means a constant-curvature Riemannian manifold for which we have plenty of available mathematical machinery. Namely, we have the three dimensional hyperbolic geometry which has been extensively investigated in these ten years by many people such as Thurston. In fact, by utilizing the hyperbolic geometry, we nd that abundant possibilities emerge for the nucleation and the topology change of the universe through quantum tunneling.
In this paper we focus our attention mainly on the nucleation of a universe from nothing and consider the case that the nucleated universe is a closed higher genus Riemann surface. Thus, according to Gibbons and Hartle, the space-time manifold M R in the Riemannian region is a three dimensional compact negative constant-curvature space whose boundary is a totally geodesic closed Riemann surface of higher genus g 2. The topology change in time due to quantum tunneling will be treated in details in a separate paper. In x2, we formulate the Wick rotation prescription for the transition between the Euclidean and Lorentzian regions in the ADM formalism. Following the same line of argument by Gibbons and Hartle, we apply our Wick rotation prescription to our (2+1)-dimensional case.
In x3, we focus our attention to the birth of the universe of non-trivial topology from nothing. Necessary prerequisites of three dimensional hyperbolic geometry are brie y summarized. By using the projective (Klein) model for hyperbolic geometry, we explicitly construct an example which exhibits the birth of a universe from nothing. (This example can be found in the lecture note by Thurston 8] .) In x4, using the example of a hyperbolic manifold, we will calculate the wavefunction of a genus-two universe nucleated from nothing in the WKB approximation. This can be generalized to the case of arbitrary higher genus universe. A subtle but important point in our WKB approximation is also discussed. We summarize our results in the nal section and discuss several mathematical facts concerning hyperbolic manifolds and their totally geodesic boundaries.
Wick Rotation
The nucleation of the Universe is a tunneling process in quantum gravity. In the semiclassical approximation, the tunneling may be described by going out of a Euclidean signature region to a Lorentzian signature region. In this section, we rst summarize a Wick rotation prescription for the transition of the Euclidean (E) and Lorentzian (L) signature regions.
We would like to give a generalization of the ordinary Wick rotation t ! ?i in quantum eld theory in at space-time in the framework of the ADM formalism of quantum gravity. We denote the ADM variables as N; N a ; h ab ; K ab for lapse function, shift vector, spatial metric and extrinsic curvature, respectively. To distinguish geometrical quantities de ned in the Euclidean and Lorentzian signature space-time regions, we put subscripts E and L to the variables in the respective regions.
In addition to analytical continuation of coordinate time in the ordinary Wick rotation prescription, we should also do the analytical continuation of the variables in the ADM formalism. Let an observer's in nitesimal coordinate vector be t a . In the Lorentzian region, we have
(1) wheren a is the unit vector normal to t =constant hypersurface. We de ne the 5 Wick rotation as
The spatial metric h ab is invariant under the above Wick rotation. Then the extrinsic curvature is analytically continued as
where D a is the covariant derivative with respect to the spatial metric h ab : The space-time metric has the Euclidean signature;
if we write it in terms of the Euclidean coordinates and variables as we intended.
Gibbons and Hartle 7], using the above relations, provided some restrictive constraints on the boundary surface between the Riemannian (M R ) and the Lorentzian (M L ) manifolds. (See Fig.1.) On the boundary hypersurface , we demand that K ab be continuous. Therefore we obtain K Lab ( ) = K Eab ( ) = ?iK Lab ; (6) from which an important consequence follows
That is, all the components of the extrinsic curvature must vanish. The surface satisfying the above condition is called a totally geodesic hypersurface. In the above discussions, the transition time has been implicitly chosen so that t E = t L = 0;
and we demand that the spatial coordinates de ned in the regions M R and M L coincide at ;
Another important conclusion of Gibbons and Hartle's argument is related to the energy condition. That is, the boundary hypersurface must be connected if Euclidean Ricci tensor is non-negative;
for an arbitrary vector V . Note that this fact forbids birth of disconnected universes and also any topology change by quantum tunneling, provided that the above condition (10) is satis ed.
We apply their semiclassical treatment of quantum tunneling to the (2+1)-dimensional gravity with cosmological constant . For a while, we do not x the sign of . Let us assume the compactness and`no-boundary' condition for our space-time following Hartle and Hawking 6]. More precisely we restrict ourselves to the case that the Euclidean signature part of the space-time manifold has a connected boundary, that is a closed Riemann surface.
The (2+1)-dimensional Einstein equation reads R = 8 G (T ? T g ); (11) where T denotes the trace of T . In our case, putting 8 G T = ? g , we see that the Hamiltonian constraint can be written as (13) where D a is the covariant derivative with respect to the spatial metric h ab : On the totally geodesic boundary surface where K ab = 0, the momentum constraints are obviously satis ed and the Hamiltonian constraint simply becomes
The intrinsic curvature of is then determined only by the cosmological constant .
For a two dimensional closed surface , it is known from the uniformization theorem that a signature of curvature restricts the topology of . Namely, the cases > 0, = 0 and < 0 correspond to the cases of sphere, torus, and higher genus Riemann surface, respectively.
In what follows we are going to study the Riemannian 3-manifold of a constant curvature bounded by one of the Riemann surfaces. This manifold with a boundary physically describes a universe nucleation from nothing. This case is most interesting and its variety is exceedingly rich. Since the energy condition is not satis ed, there can be an arbitrary number of connected components of totally geodesic surfaces. In the following sections, however, we speci cally discuss a single component case of the boundary surface with various genus.
In the negative cosmological constant case, the Einstein equation becomes R = ?2j j g : (15) In three dimensional space, Riemann tensor can be written as a linear combination of Ricci tensor. Combining this peculiarity of three dimensional space with the Einstein equation (15), we nd that our space has a constant negative sectional curvature. Therefore our space-time can be described by the hyperbolic geometry.
An Example Constructed from Hyperbolic Geometry
Our problem is as follows.
For a given Riemann surface with constant negative curvature 2 , are there any compact, orientable 3-manifold M R which satis es the Einstein equation (15) and has a totally geodesic boundary ?
A hyperbolic manifold is a Riemannian manifold with negative constant sectional curvature ?1. It is known that hyperbolic manifolds satisfy (15) and that the converse is also true only in the three dimensional case. So the problem is to decide whether a hyperbolic 3-manifold M R exists or not for a given .
Hyperbolic manifolds can be also understood as a Riemannian manifold which is locally isometric to hyperbolic space H 
This is the Poincar e disk model for hyperbolic space.
Another model of hyperbolic space called`the projective model' is very useful for our purpose. It is also constructed in D As an example, we would like to construct a hyperbolic 3-manifold which has a double-torus (a closed surface with the genus = 2) as the totally geodesic boundary 8]. We construct this by appropriately gluing two regular truncated tetrahedra together which are embedded in the projective model D 3 .
(1) Construction We embed a regular tetrahedron and the projective model D 3 into R 3 so that both of them would center around the origin. We can expand or contract the tetrahedron to let the angle between each pair of the faces of the tetrahedron to be =6. See Fig.2 . The tetrahedron of this size has its vertices out of the sphere at in nity and its edges intersect with D 3 .
Next we truncate each vertex of the tetrahedron (Fig.3) . We pay attention to the three faces having a vertex in common. It can be veri ed that there is a unique 2-plane which is perpendicular to all of them. We cut the four vertices of the tetrahedron along these planes to get a regular truncated tetrahedron embedded completely in the projective model. This embedding induces a metric on the regular truncated tetrahedron.
We take two such regular truncated tetrahedra . Then we identify each pair of the faces so as to match the arrows indicated in Fig.4 and identify all the edges. This gives a topological 3-manifold with a boundary.
(2) Gluing Consistency We come to a stage to check whether this 3-manifold admits a hyperbolic structure with a totally geodesic boundary or not. First of all, the neighborhood of an interior point of each tetrahedron is of course isometric to a ball in the hyperbolic space. Second, the neighborhood of a point on the faces is also isometric to a ball in the hyperbolic space since the neighborhood is divided into two half spaces by the plane. We have to be more careful about the neighborhood of the edges. Note that the angles around the edge must add up to 2 . In fact, twelve dihedral pieces with each dihedral angle being =6 meet at the identi ed edge consistently as illustrated in Fig.5 . So the neighborhood of any point on the edge is also isometric to a ball in the hyperbolic space. Finally, we would like to show that the boundary is totally geodesic. Since each small triangle of the truncation is totally geodesically embedded in the projective model, we have only to check the gluing consistency condition along the edges and also around the vertices of the small triangles. Gluing along the edge causes no problem since the boundary intersects with the face of the tetrahedra perpendicularly at the edge. Gluing around the vertex is harmless by the same reason as the gluing around the edge of the tetrahedra. It is also seen from the fact that near the vertex the boundary is a hypersurface which is perpendicular to the edge of the tetrahedra as shown in Fig.6 . (3) The boundary is a double-torus We would like to show that the boundary is topologically a double-torus. It can be seen by doing a`patch work' as illustrated in Fig.7 which follows from the identication rule. This fact is easily veri ed by computing the Euler characteristic of the boundary since the boundary is already triangulated by construction. There are two vertices (the head and the tail of the arrow in Fig.4 ), twelve edges (eight small triangles with each pair of the edges identi ed) and eight faces. Therefore which is certainly equal to the Euler characteristic of a double-torus. Thus we have constructed a compact orientable hyperbolic 3-manifold with a totally geodesic boundary which is topologically a double-torus.
WKB Approximation for Nucleation of Universe
In this section, we will explicitly calculate the wavefunction of the universe in the WKB approximation. We assume that the amplitude of nucleation of a closed Riemann surface`universe' can be described by the Hartle-Hawking wavefunction 6]:
where h is the two dimensional metric on a spacelike hypersurface and S E is the Euclidean action which is explicitly given in (19) below. The path integral is over smooth 3-metric g on the Riemannian space-time manifold M R which has no boundary except for by assumption, and the summation over M R means that we should also sum over di erent topologies of space-time M R . From the analytic continuation discussed in x2, the Euclidean action can be put in the form S E = ?
Note that in our case, due to eq.(15), the classical action S E is simply proportional to the volume of M R :
where V is a numerical value representing the volume of M R in the case of = ?1.
Let us now consider the nucleation of universe which is a genus=2 closed surface. (Hereafter we call a genus=n closed surface simply a`g = n' universe, for brevity.) Then is supposed to be the`exit' of quantum tunneling of a g = 2 universe from nothing | i.e. the totally geodesic boundary between M R and M L as depicted in Fig.1 . We must examine all the possible Riemannian manifolds M R with a single totally geodesic boundary of g = 2, each of which represents a classical solution of the Einstein equation in the Euclidean signature region. Though our example in the last section is an representative of such classical con gurations, there can be many other possible classical solutions that correspond to the present situation. In fact, it can be easily shown that there are an in nite number of such M R 's, whose topology may or may not be the same as our special example. As in the previous section, the same kind of`gluing-many-polyhedra game' can provide such hyperbolic manifolds. Nevertheless, it follows from eq.(20) that the WKB approximation of wavefunction is exponentially suppressed for M R with a large volume. Then we can naively expect that it is the classical solution M R with the least volume that dominates the WKB amplitude. It is shown in 9] 10] that there are actually eight mutually non-isometric hyperbolic manifolds, which are constructed from the same two tetrahedra as used in the last section, and that these eight manifolds have the common minimum volume among all the hyperbolic manifolds M R whose totally geodesic boundary is topologically a double-torus. Our previous example is one of them, so that it is considered to dominate the path integral (18). In an explicit form, we would have (a double-torus) = N exp (?V g=2 = 4 G p j j); (21) where N is a prefactor in the WKB approximation and V g=2 is the volume of our constructed manifolds. V g=2 can be explicitly calculated in hyperbolic geometry (see, for example, 11]) and its numerical value is 2 3:226 . Here 3:226 is the volume of the regular truncated tetrahedron with dihedral angles =6. This argument can be easily generalized to the nucleation of any g = n universe (n 2), for it is shown in 9] 10] that a hyperbolic manifold with a g = n totally geodesic boundary can be constructed from n regular truncated tetrahedra with dihedral angles =3n. Such a construction gives a hyperbolic manifold of minimum volume. Then the WKB approximation of wavefunction of g = n universe can be written as (g = n) = N exp (?V g=n = 4 G p j j); (22) where V g=n = n (volume of one regular truncated tetrahedron with dihedral angle =3n). V g=n =n converges rapidly to the value 3:66 as n increases so that the exponent in the above expression for the wavefunction is almost proportional to the number of genus of the boundary universe.
Thus our naive observation is that the nucleation of a double-torus universe will dominate over higher genus (g 3) universes. However, there is a subtle point in the above argument, which has to be more carefully discussed. That is, the number of combination of the way to construct hyperbolic manifolds may rapidly increase as the genus of the boundary surface increases. In the`gluing-many-polyhedra game', we do not necessarily have to use regular tetrahedra for the construction of our desired manifolds. There are a great number of combinations concerning di erent shapes of polyhedra to use as building blocks and the ways how one glues them up into the desired hyperbolic manifolds. It seems plausible that as the number of genus of increases, we have an enormously increasing number of combinations for the way to construct a hyperbolic manifold with its totally geodesic boundary . In that case, the number of variety may overcome the exponential suppression for a large volume so that our naive expressions (21) and (22) for the tunneling amplitude may fail. We are at present uncertain which of the two factors | the exponential suppression and the combinatorial factors | is important in the WKB approximation to the wavefunction of the universe.
A keen reader may be aware that what we have calculated in eqs. (21) and (22) should be the wavefunction of g = n universe with de nite moduli. We should have examined possible hyperbolic 3-manifolds with the boundary surface of given moduli. Unfortunately, the moduli of the boundary surface is not fully understood.
Summary and Discussions
In this paper, we have considered the quantum mechanical birth of universe from nothing in (2+1)-dimensional gravity with negative cosmological constant. While our argument is a close analogue in (2+1)-dimension to the one by Gibbons and Hartle 7] , we see that in the case of negative Ricci tensor, there are various possibilities for the topology change processes due to quantum tunneling. Utilizing the unique features of hyperbolic geometry, we have shown an explicit space-time geometry, which represents the nucleation of a double-torus (g = 2) universe. Having obtained the explicit instanton solution, we have explicitly computed the wavefunction of a g = n universe from nothing in the WKB approximation, though there remains a subtle but important point to investigate further.
Are there any physical implications of our result in the (2+1)-dimensional toy model to our real (3+1)-dimensional world? We cannot say much about this question. Here we only point out some peculiarities of the three dimensional hyperbolic manifolds by referring to some mathematically known facts which are relevant to our analysis. They make the (2+1)-dimensional world very di erent from the (3+1)-dimensional one. The rst is the`rigidity' of three dimensional manifolds that admit hyperbolic structure. Consequently, any invariant of the geometry of a hyperbolic manifold is also an invariant of its homotopy type.
Thus hyperbolic 3-manifolds are not so` exible' as one might imagine. Indeed, the following statement holds 8] 12].
The set of volumes (< 1) of complete hyperbolic 3-manifolds is countably in nite.
The set of manifolds with any given volume is nite. Moreover, the set of compact hyperbolic 3-manifolds with totally geodesic boundaries is also countably in nite.
Concerning the situation we would like to investigate, the following fact is known 13]. Let g be an integer greater than or equal to 2 and let M g be the moduli space of closed Riemann surfaces with genus g, that is to say M g consists of all isometry classes of closed hyperbolic surfaces with genus g. Let S g be the subset of M g , whose element is a Riemann surface identi ed with the totally geodesic boundary of a compact hyperbolic 3-manifold . Then the countably in nite set S g is dense in M g . Therefore, as a consequence of the above Mostow rigidity theorem, the moduli of the totally geodesic boundary cannot be continuously changed. This means that two hyperbolic manifolds may be completely di erent even if the moduli of their totally geodesic boundaries are close in the moduli space.
Finally, we would like to announce that we found several examples which represent topology change processes due to quantum tunneling. These solutions will be treated in detail in the forthcoming papers. Figure. 1 is the spacelike hypersurface that is the boundary between the Riemannian (M R ) and the Lorentzian (M L ) space-time manifolds. 6 Eight small triangles of truncation of the two tetrahedra are glued to form a boundary of a 3-manifold. Gluing causes no problem at the boundary since each small triangle of truncation is perpendicular to the corresponding three faces and three edges of the tetrahedron. Figure. 7 The boundary is topologically a double-torus (g = 2). The top and the bottom faces of truncation turn out to be two spheres each of which has three holes. Each side face of truncation respectively makes a cylinder, whose two boundaries are identi ed respectively with a hole of the sphere. Each identi cation follows from the procedure in Fig.4 .
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